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The acoustic impedance of a material is its most basic acoustic property.
Impedance, defined as the ratio of the pressure to the volume displacement at a given surface in a sound-transmitting medium [11, is usually a frequency-dependent complex number. Because the acoustic impedance of a material determines the acoustic response of the surrounding environs, careful impedance measurements are required to produce accurate system models. Acoustic enclosure designers can then use these models to select suitable materials for wall, floor, and ceiling coverings.
A number of acoustic impedance measurement techniques have been developed.
Many of these techniques used an impedance tube and a single microphone [2] - [6] to determine the acoustic impedance based on the spatial location and magnitude of the maximum and minimum sound pressure levels at an acoustic resonance. (This type of measurement is sometimes referred to as ASTM Standard C 384 [7] .) These methods have two disadvantages: the first is nonstationary instrumentation and the second is difficulty in measuring the measurement of maximum and minimum pressure levels in the impedance tube.
More recent acoustic impedance measurement methods have used two microphone systems [8] - [10] which require two similar, phase-calibrated microphones at some location in the tube with a known distance between them. The acoustic wayv response is mathematically separated into its reflected and incident components using a transfer function between the microphones. The system model is the wave equation designating a one-dimensional hard-walled duct. The model has a pressure boundary condition at one end that represents an excitation speaker and an impedance boundary condition at the other end that represents some material inserted in the end of the duct. This material produces a partially reflective and reactive boundary condition that results in a bounded complex transfer function of the duct.
The boundary condition at x = L is the ratio between the pressure and the particle The homogeneous wave equation that models particle displacement in a linear, hard-walled one-dimensional duct can be expressed as [ 141, [15] 
where u(x,t) is the particle displacement (m). The wave equation assumes an adiabatic system, uniform duct cross section and negligible air viscosity effects. All system dissipation is assumed to occur at the termination end x = L; in other words, the duct is acting as a pure energy transmitter. The one-dimensional assumption requires the diameter of the duct to be small compared with the wavelength of acoustic energy. This assumption is usually considered valid when f < 0.586(c/d) where f is the frequency of the acoustic wave (Hz) and d is the diameter of the tube (m) [7] , [1 11] . Although the forcing function of the excitation speaker could be added to the right-hand side of equation (2), it will be advantageous to include it as a boundary condition for this method.
The excitation speaker at the duct end at x = 0 is modeled as a harmonic pressure excitation (or source). This boundary condition is [ 16] 
where P 0 is the magnitude of the pressure source (N/m 2 ), p is the density of the medium (kg/m 3 ), wo is the frequency of the excitation (rad/s), and i is the square root of -1. Implicit in equation (3) is negligible source impedance. If the source impedance is not small, it can be incorporated into the model [17] .
The acoustic pressure of the system is proportional to the spatial derivative of the particle displacement. This equation is [14] 
where P(x,t) is the acoustic pressure response of the tube (N/m 2 ) at some location x.
Equations (1) - (4) can be solved by using separation of variables and then equating the ordinary differential equations to the boundary conditions. This technique results in the following response of the system [61, [16] :
The transfer function T(K,oc,L) of the system is the coefficient of exp(iox) in equation
The acoustic impedance K may be determined by expressing T(K,to,c,L) in an alternate form. This process begins by expressing the function T(K,wcL) in terms of the real and imaginary parts as
where T is the transfer function data (dimensionless) determined experimentally. (Re() denotes the real value of a complex number, and Im( ) denotes the imaginary value of a complex number.) Although the transfer function data are normally displayed as a TR 10,131 magnitude and a phase angle, it is advantageous to leave them in the form of a real and an imaginary number for the computations discussed here. Equation (6) is now expressed as:
Equating the real and imaginary parts of equation (7) yields the system of equations given
Equations (8) and (9) can also be written in matrix form as
where
k LRe(K)J, and
When A is nonsingular, a unique solution for k is given by k = A'lb such that
and
Acoustic impedance K represents the acoustic impedance at the frequency o;, therefore at any frequency where the transfer function is measured, the impedance can be computed.
Because a determinant is involved in the calculations, there is some instability in the measurement technique. This instability occurs whenever the determinant of A is equal to (or near) zero. The determinant is strictly real-valued, therefore det(A)--0 when
It is shown below that equations (14) and (15) are concurrently equal to zero when
The imaginary value of T can be rewritten from equation (6) as
Assuming the real part of the acoustic impedance is not zero, then equations (16) and (17) are satisfied when sin( x)=O (18) Equation (18) implies that
Inserting equations (18) and (19) into the real part of equation (6) yields
Inserting equations (18), (19) , and (20) into the left-hand side of equation (15) enforces the equality. Therefore,
and impedance calculation instability occurs at
x where x is the location of the response measurement microphone and o) is measurement frequency in rad/s.
Another possibility for the determinant of A to vanish is that
However, inserting equation (23) The system o0 equations can be evaluated when det(A)=O. If equations (16), (18), (19) and (20) are inserted into equation (10), the result is A=b=O. There are an infinite number of solutions for k, as any value will satisfy Ak=b when det(A)=O. Note that in order for an infinite number of solutions to exist, the vector b must be orthogonal to the null space of AT. It may be shown that this requirement implies b=O, consistent with the above conclusion. If specific frequencies are of interest where impedance calculation instability occurs, the location of the response measurement microphone can be changed, and the impedance calculation instability will be moved to different frequencies.
INVERSE EIGENVALUE METHOD
The second method ;nvestigated is an inverse eigenvalue method [121. The system model is similar to the previous one, except the forcing function has been moved from the boundary condition at x = 0 to the right-hand side of the wave equation. ihe termination end impedance is the same as above:
The linear second-order wave equation modeling particle displacement in a hard-walled 
Substituting equation (27) into the homogeneous version of equation (25) produces two independent ordinary differential equations, each with a complex-valued separation constant A:
The separation constant A = 0 is a special case where X(x) = T(t) = 1 to satisfy equations (24) and (26). Although A = 0 is a separation constant of the system, it does not contribute to the pressure field in the duct and is therefore ignored for further computational purposes [181, [19] . The spatial ordinary differential equation (28) is solved for A # 0 using the boundary condition in equation (26):
The time-dependent ordinary differential equation yields the following general solution:
Applying the boundary condition in equation (24) (
The system eigenvalues An are equal to the separation constant multiplied by the wave speed c (An=cAn). Each of these eigenvalues are functions of acoustic impedance, K. The inverse function will allow impedance K to be computed from the measured eigenvalues.
The acoustic impedance K of the end can now be determined at each duct resonance from the eigenvalue at that resonance. This computation assumes that the eigenvalues of the system are known. Measurement of these duct system eigenvalues is discussed in the next section. Directly solving for K in terms of A is very difficult; therefore, an intermediate variable P3 is introduced to simplify the acoustic impedance computation. The variable O3n is related to the nth eigenvalue A. from equation (32) as
where the subscript "n" denotes the nth term. Equation (33) If the value of A is less than -0.5 or greater than 0.5, the eigenvalue index n is incorrect and corresponds to an eigenvalue other than the nth one. The value, n, must then be changed to produce a A between -0.5 and 0.5 that will correspond to the correct eigenvalue index.
Once Re(Pn) is found, Im(fin) is obtained by the equation 
